We study holographic three-dimensional fluids with vorticity in local equilibrium and discuss their relevance to analogue gravity systems. The Fefferman-Graham expansion leads to the fluid's description in terms of a comoving and rotating PapapetrouRanders frame. A suitable Lorentz transformation brings the fluid to the non-inertial Zermelo frame, which clarifies its interpretation as moving media for light/sound propagation. We apply our general results to the Lorentzian Kerr-AdS 4 and Taub-NUT-AdS 4 geometries that describe fluids in cyclonic and vortex flows respectively. In the latter case we associate the appearance of closed timelike curves to analogue optical horizons. In addition, we derive the classical rotational Hall viscosity of three-dimensional fluids with vorticity. Our formula remarkably resembles the corresponding result in magnetized plasmas.
Introduction and motivation
The fluid/gravity correspondence advocates that the long-distance hydrodynamical degrees of freedom of a quantum system residing at the boundary of an asymptotically AdS space are holographic images of gravitational degrees of freedom in the bulk. This is a novel paradigm for emergence in physics which, not surprisingly, has attracted the interest of the physics community outside high energy, since it potentially provides new insight into the long-distance physics of diverse strongly coupled systems.
One of the first applications of the above reasoning was in the physics of the quarkgluon plasma 1 . Much wider in scope is the recent interest in the AdS/CMT correspondence, namely the efforts to apply holographic techniques to a number of strongly coupled condensed matter systems. In principle, the landscape of the latter offers an almost inexhaustible number of potential applications for AdS/CMT. In practice, few systems have been comprehensively studied so far, such as high-T c superconductors [2] , quantum Hall fluids [3] , non-Fermi liquids [4] and more recently topological insulators [5, 6] .
Simultaneously, relativistic hydrodynamics of both normal fluids and superfluids in 3 + 1 dimensions has been extensively analyzed and compared to gravitational dynamics in 4 + 1 dimensions (for a review see [7] ). Recently the interest turned to 2 + 1 dimensions and to parity non-preserving hydrodynamics which has been studied in [8, 9] focusing on the classification of the different transport coefficients. Interesting explicit holographic results on anomalous transport coefficients have also lately appeared [10, 11] .
The main motivation behind our work is to extend the realm of AdS/CMT to two large classes of systems of considerable current interest to the condensed matter community. The first class includes fast rotating atomic gases [12] [13] [14] as it is anticipated that new experimental techniques will allow one to reach the strong-coupling regime in which the ratio of the number of vortices to number of particles is of order 1. In such a case a "bosonic fractional quantum Hall state" might be observed. The second class contains the so-called analogue gravity systems (for a comprehensive review see [15] ). The crucial underlying physics behind these systems is sound/light propagation in supersonically/superluminally (with respect to the local velocity of sound/light) moving media. This is currently achieved using various meta-materials with dedicated acoustic/optical properties. The supersonically/superluminally moving regions are bounded by acoustic/optical analogue horizons. Phenomena similar to Hawking radiation for phonons/photons could possibly appear in the vicinity of these horizons [16, 17] and are experimentally investigated [18, 19] .
The common base for the possible description of the above systems would be holographic fluids/superfluids in local thermal equilibrium that have non-trivial kinematic properties, and in particular vorticity. Once we establish such systems, we can then try to calculate their transport properties studying fluctuations and using Kubo-like formulas. Although a flowing fluid generically dissipates, we expect that the fluids at the boundary of time-independent bulk solutions are stationary and their energy-momentum tensor has just the perfect relativistic-fluid form. Since the present work aims to initiate the holographic description of rotating atomic gases and analogue gravity systems, we will focus on flows having vorticity, but zero shear, expansion and acceleration. In that sense our boundary systems are the neutral analogues of Hall fluids and hence could be interpreted as rotating neutral gases. Furthermore, studying sound/light propagation through such boundary fluids should be equivalent to a holographic study of analogue gravity systems 2 .
Our starting point is the holographic 3 + 1-split formalism [21] [22] [23] and the corresponding Fefferman-Graham expansion. The latter gives rise to two tensor structures -the boundary metric and the stress tensor of the boundary fluid, which are in principle independent. Equivalently, we can think of these data as a frame and a velocity fieldû. We show that the Fefferman-Graham expansion corresponds to choosing the comoving, and generally rotating, Papapetrou-Randers [24] frame for the fluid's observer. Then, we show that a local Lorentz transformation leads to the description of the boundary fluid using the non-inertial Zermelo frame. The latter should not be confused with the ZAMO 3 frame used in astrophysics when one wants to eliminate inertial forces from the observation frame [25] . In some instances, however, Zermelo and ZAMO frames do coincide, as we will see on a specific example.
The Zermelo frame description clarifies the boundary physics as being that of a moving fluid. This is the appropriate set up for the holographic description of both rotating atomic gases and analogue gravity systems. In particular, the Zermelo frame metric has the typical form of an analogue spacetime used for sound [15] and light [26] propagation in moving media. This way we can identify acoustic/optical analogue horizons in our boundary fluids.
Our explicit examples are the Kerr-AdS 4 (KAdS) and Taub-NUT-AdS 4 (TNAdS) exact solutions and their boundary fluids. We show that they describe holographically a conformal fluid in cyclonic and vortex flow respectively. We analyze in detail the case of TNAdS whose boundary metric possesses closed timelike curves (CTCs), as a direct consequence of the homogeneous vorticity it carries. We discuss this facet of homogeneity and explain why the CTCs do not affect the classical motion of the fluid's elements. These properties are in fine related to the absence of a globally defined spacelike constant-time surface with respect to the comoving observer. For Zermelo observers, this has the consequence that the fluid's elements near the vortex are dragged into superluminal rotation. The onset of this phenomenon defines an edge, which we interpret as an analogue horizon for light propagation in our 2 + 1-dimensional fluid, that is, an optical horizon. The above fluids also exhibit acoustic horizons, which however we do not further study in this work.
In our approach to holographic fluids we have clarified the important role of the different observer's frames in a particular background geometry. As an important spinoff of our understanding, we derive a simple formula for the rotational Hall viscosity, which is the non-dissipative transport coefficient that multiplies the momentum flow generated by small fluctuations of the background geometry in the presence of vorticity. 4 This is the gravitational analogue of the classical Hall conductivity and it is remarkably similar to the classical Hall viscosity coefficient for anomalous momentum transport in magnetized plasmas [27] .
The organization of this work is as follows. In Sec. 2 we discuss the holographic description of fluids with non-zero vorticity, their Papapetrou-Randers and Zermelo frames and their interpretation as analogue gravity systems. In Sec. 3 we review the properties of Kerr-AdS 4 (KAdS) and Lorentzian Taub-NUT-AdS 4 (TNAdS) geometries. In Sec. 4 we discuss the dissipationless transport of three-dimensional relativistic fluids with vorticity and present the corresponding Kubo formula. Section 5 contains our conclusions and perspectives.
Stationary holographic fluids with vorticity
This section is devoted to the description of the formalism we will use, namely the FeffermanGraham (FG) expansion along the holographic radial coordinate. Anticipating the specific results on Kerr-AdS and Taub-NUT-AdS presented in Sec. 4, we discuss some generic properties of the boundary geometries and the hosted holographic fluids. Emphasis is given to the energy-momentum tensor and its dissipative components as well as on the appearance of Papapetrou-Randers and Zermelo frames. The relationship with analogue gravity systems is also set here.
The 3 + 1-split formalism and the Fefferman-Graham expansion
We find illuminating to discuss holographic fluid dynamics starting from the 3 + 1-split formalism introduced in [21] [22] [23] . We begin with the Einstein-Hilbert action in the Palatini first-order formulation 1) where G N is Newton's constant. We also assume negative cosmological constant expressed as Λ = − 3 /L 2 = −3k 2 . We denote the orthonormal coframe E A , A = r, a and use for the bulk metric the signature + − ++. The first direction r is the holographic one and we will use a, b, c, . . . = 0, 1, 2 for transverse Lorentz indices along with α, β, γ = 1, 2. Coordinate indices will be denoted µ, ν, ρ, . . . and i, j, k, . . . for transverse spacetime and spatial directions respectively, with x ≡ (t,
Bulk solutions are taken in the Fefferman-Graham (FG) form
For torsionless connections there is always a suitable gauge choice such that the metrics (2.2) are fully determined by two coefficientsê a andf a in the expansion of the coframe one-formsÊ a (r, x) along the holographic coordinate r ∈ [0, ∞)
The asymptotic boundary is at r → ∞. The ellipses in (2.3) denote terms that are multiplied by higher negative powers of r. Their coefficients are determined byê a andf a , and have specific geometrical interpretations 5 , though this is not relevant for our discussion. The 3 + 1-split formalism makes clear thatê a (x) andf a (x), being themselves vectorvalued one-forms in the boundary, are the proper canonical variables playing the role of boundary "coordinate" and "momentum" for the (hyperbolic) Hamiltonian evolution along r. For the stationary backgrounds under consideration, describing thermally equilibrated non-dissipating boundary fluid configurations,ê a andf a are t-independent.
The boundary "coordinate" is given by the set of one-formsê a . The corresponding dual vector fields areě
These provide the boundary orthonormal frame with metric given by the symmetric (0, 2)-
For this coframe we must determine the "momentum" of the boundary data. For example, when the boundary data carry zero mass, we expect this to be zero. In this casef a (x) = 0 and the unique exact solution of the Einstein's equations is pure AdS 4 . More generally, the vector-valued one-formf a satisfieŝ 6) where the action of the generalized exterior derivative D on a vector-valued one-formV a is defined as
and the "magnetic field"B a is the Levi-Civita spin connection associated withê a [22] . One can easily see that the conditions (2.6) imply, respectively, the symmetry, tracelessness and covariant conservation of the (1, 1)-tensor T = T a bě a ⊗ê b , defined aŝ
Hence we can interpret the latter as the covariantly conserved energy-momentum tensor of a conformal field theory.
The energy-momentum tensor of holographic fluids
The next step is to set the relationship of the one-form (2.8) with a relativistic fluid. This requires the identification of a timelike and normalized velocity fieldǔ and its corresponding
with respect to the boundary frame. From the outset, the boundary frame does not have to be comoving. The vector-valued one-formf a can be decomposed in longitudinal and transverse components with respect to the fluid velocityǔ. The decomposition is performed by introducing the longitudinal and transverse projectors:
This allows to express the coframe components asê a = (U a b + h a b )ê b . Consequently the vector-valued "momentum" form reads in general:
where E and P are a priori x-dependent coefficients. Holographic hydrodynamics then advocates the interpretation of (2.11) as the energy-momentum tensor of a relativistic fluid that satisfies the laws of thermodynamics. In particular, all dissipative and nondissipative terms in a suitable derivative expansion of the velocity field can be classified and related to transport coefficients [8, 9] . Here we are interested in particular stationary bulk solutions for which we expect the energy-momentum tensor be reduced to the perfect relativistic form T
Inserting (2.11) in (2.8) one recovers indeed (2.12) with ε = κE and p = κP, where ε and p are the energy and pressure densities measured in the comoving frame. Tracelessness implies ε = 2p, i.e., the fluid is conformal. This structure (2.12) will emerge explicitly in the KAdS and TNAdS backgrounds, and the background velocity field will be shearless, expansionless and non-accelerating, but will generically have vorticity. Several remarks are in order at this stage, concerning the absence of dissipative phenomena in a fluid, which is not a priori inviscid. This can only occur if the fluid has a specific kinematic configuration, making its viscosity ignorable. The first derivative of a vector-field congruenceǔ is captured by its acceleration, shear, expansion and vorticity 6 :
14)
the latter being also expressible as a 2-form
These tensors satisfy several simple identities:
As mentioned above, the exact solutions that we will study in this paper give rise to fluids with a a = σ ab = Θ = 0 and ω = 0. In a nutshell, this is due to the following fact: in the generic stationary backgrounds under consideration, the velocity field is a constantnorm, timelike Killing congruence. Such congruences are always geodesic, shearless and expansionless. Transport properties, such as shear viscosity, bulk viscosity and (dissipationless) Hall viscosity, can be studied by perturbing the fluid about the above stationary, shearless, expansionless and non-accelerating state. The most general form for the viscous stress current at leading order in fluctuations is reads: 20) where η is the shear viscosity, ζ the bulk viscosity and ζ H the Hall viscosity. In the case of a conformal fluid, the equation of state is ε = 2p, whereas the product ζΘ must vanish for any kinematical configuration, which implies that ζ = 0. The background value of f a visc.
vanishes provided the velocity field has neither shear nor expansion. As we will see in 6 Expressions (2.13), (2.15) and (2.16) are valid only in 3 spacetime dimensions.
the forthcoming sections, this happens indeed for the general class of boundary metrics of the Papapetrou-Randers form (2.25) , with fluids at rest in the Papapetrou-Randers frame (ǔ =ě 0 ). Let us finally mention that for a shearless conformal fluid, the conservation of the energy-momentum tensor leads to the following equations of motion (see e.g. [28, 29] ):
(∇ ⊥ = ∇ +û∇ǔ stands for the covariant derivative along the direction normal to the velocity fieldǔ). The first equation requires p to be constant along the fluid lines. From the second we learn that if the fluids are inertial, p is also constant in the normal surfaces, i.e. strictly constant everywhere. Again, this requirement will be met in the cases of study here. Although the two necessary ingredients for the description of a relativistic perfect fluid, namely the boundary frame and the velocity one-form, are nicely packaged in the leading and subleading independent boundary data, until now we did not assume any specific relationship between them. Nevertheless it is clear that such a relationship would be imposed by any exact solution of the bulk gravitational equations, given the interior boundary conditions. We will soon observe that the FG expansion of the exact solutions Schwarzschild-AdS 4 , Kerr-AdS 4 and Taub-NUT-AdS 4 yield the same form for the boundary energy-momentum tensor, namelŷ
The boundary frame one-formsê a are themselves, of course, different in the three solutions. Comparing (2.8), (2.12) and (2.22), we find In the Papapetrou-Randers geometry (see below, Eq. (2.25)), this congruence is tangent to a constant-norm Killing field and has thus zero shear, expansion and acceleration (consistent, according to (2.21) , with the constant pressure found in (2.23)). It also shows that the observer's frameě a is comoving. Therefore, in the FG expansion the kinematic properties of holographic fluids are determined by the geometric properties of the boundary comoving frame.
Papapetrou-Randers, Zermelo and relationship with analogue gravity
It should be noted that in a holographic setup the boundary spacetime is completely filled with our stationary holographic fluid. Consequently the latter acts as a medium (aether ) for both sound and light propagation. In particular, the velocity of light in the boundary of holographic hydrodynamics does not coincide with the velocity of light in the vacuum. This issue has not arisen so far since light propagation in the boundary has not been studied in holographic hydrodynamics. It is connected to the notorious problem of making the boundary photon dynamical 7 . This said, it is still instructive to study geometrical optics in the boundary, ignoring the fluid and its holographic origin. As we will see, it allows to set connections with some quite different physical setups. Light travels in null geodesics of the boundary metric. This is a trivial problem when the latter is Minkowski, but becomes interesting when rotation is involved. The boundary metrics for the KAdS and TNAdS bulk geometries have the following general stationary form, which will be referred to as Papapetrou-Randers 8 (PR):
General geodesics in PR geometry can be shown to satisfy the following equations [24] (obtained via a Kaluza-Klein-like procedure, as expected from the form of (2.25)):
The latter expression is two-dimensional and is meant to provide the geometric locus of the spatial tracks of the geodesics (as opposed to the full spacetime orbits). Those are parameterized in terms of ℓ, the arc length in the spatial metric: 27) and D /dℓ is the corresponding Levi-Civita covariant derivative. The constant E is the conserved "energy" associated with the Killing vector ∂ t . In Eq. (2.26), we introduced
which will be later on identified with the vorticity of the fluid, and appears here as a "magnetic field" in the two-dimensional space. Notice also that the null geodesics of (2.25), satisfying (2.26) with E = 1 /2 (E is smaller or larger than this value, for timelike or spacelike geodesics, respectively), are also geodesics of the following asymmetric Finslerian norm introduced by Randers:
Particles in magnetic fields undergo cyclotron motion, known to be similar to inertial motion observed from a rotating frame. The above magnetic analogue of geodesic motion 7 Other optical properties of the boundary fluid have been studied in [31] . 8 This form was used by Papapetrou [30] to find exact axisymmetric solutions of Einstein's equations. It was also termed the Randers form of a stationary metric in [24] . In our case, however, the metrics (2.25) are not solutions of the three-dimensional vacuum Einstein's equations -they can be solutions in the presence of appropriate sources. Note also that Eq. (2.25) is a specific representative of the conformal class of stationary boundary metrics; this choice has the property of being non-accelerating.
in PR geometries (valid actually in any dimension) provides therefore an indirect, though very physical, hint on how an observer perceives the fluid's rotation -which turns out to be inertial for the holographic fluids, as we will shortly see. It also reveals the risk of existence of CTCs, indeed inherent in geometries of the type (2.25).
Even though geodesic congruences are intrinsic data of a geometry, their perception depends on the frame of reference. The above magnetic analogue carried out in Eqs. (2.26) was reached by choosing a specific frameě a evolving in time along ∂ t ≡ě 0 witĥ
so as (2.25) be of the orthonormal form (2.5). This will be referred to as the PapapetrouRanders frame, in which the inertial motion appears as cyclotron motion. Alternative frames exist, where the rotation is intrinsically or partly attributed to the motion itself. We will quote and use a particular one, appealing for the bridge it sets with analogue gravity set ups: the Zermelo frame. Consider a two-dimensional Euclidean manifold M with metric h ij . The so-called Zermelo navigation problem [32] asks for the minimum-time trajectories on that manifold under the influence of a time-independent wind W i . Remarkably, it was shown in [33] that these coincide exactly with the null geodesics of the Randers form (2.29) provided the Randers data (a ij , b i ) are related to the Zermelo data (h ij , W i ) as
31)
Using the above, the metric (2.25) takes the form with the explicit form of the matrix elements Λ a b given in (4.20) . Hence, the stress current for the Zermelo observer isf
It describes a fluid moving with a velocity field given by (see also (4.16) below)
where L a i are defined in (4.11). In other words, the Zermelo frame description is that of a fluid boosted with velocity W α and Lorentz factor 1 / √ λ.
We finally come to the advertised relationship with analogue gravity systems, directly set in the Zermelo frame (2.33). Metrics of that form are named acoustic or optical and are used for describing the propagation of sound/light disturbances in relativistic or non-relativistic fluids moving with velocity W i in the spatial geometry h ij , and subject to appropriate thermodynamic/hydrodynamic assumptions (e.g. barotropicity for sound propagation). More precisely, sound and light propagation in analogue gravity systems is effectively equivalent to massless fields propagating in the Zermelo geometry (2.33) [15] . We can therefore consider that the sound/light fluctuations in a moving medium define a set of Zermelo observers. In this approach, the metric (2.33) appears as analogue metric and is not the actual metric of physical spacetime 9 . Under this perspective, peculiarities such as CTCs, potentially present in the analogue geometry, have no real, physical existence. They are manifestations of other underlying physical properties such as supersonic/superluminal regimes in the flowing medium.
What we have shown here is that holography provides a natural construction of a set of Zermelo observers plus an underlying fluid with concrete thermodynamic properties. This is an explicit setup where the propagation of various modes can be studied and hence, interesting properties of analogue gravity systems could be uncovered.
To conclude, the holographic hydrodynamic regimes under consideration can support two alternative interpretations: the direct description of a conformal fluid moving in a genuine spacetime of the PR or Zermelo forms (2.25) and (2.33) (the latter differ in the choice of the frame, but describe the same spacetime geometry), or, the indirect description of sound/light propagation in a flowing fluid with velocity W i in a space geometry h ij . In this case holography gives a handle on the physics of the relevant sound/light modes propagating in the moving medium.
Kerr-AdS 4 and Taub-NUT-AdS 4 geometries
Our two explicit examples of holographic fluids with vorticity reside on the boundary of the Kerr-AdS 4 (KAdS) and Taub-NUT-AdS 4 (TNAdS) exact solutions of vacuum Einstein equations with negative cosmological constant. We recall here some of the salient features of these geometries and in particular of the (Lorentzian) TNAdS which seems to be less well known.
Kerr-AdS 4
The four-dimensional Kerr solution of Einstein's equation with cosmological constant Λ = −3k 2 = − 3 /L 2 reads:
where
and
The solution at hand describes the field generated by a rotating mass. The ADM mass and angular momentum of the black hole can be computed using the Hamiltonian approach [34] :
The geometry has inner (r − ) and outer (r + ) horizons, where ∆ r vanishes, as well as an ergosphere at g tt = 0. One can show that the rotating AdS black hole is stable for a 2 < k 2 [35] [36] [37] [38] , hence the asymptotically flat black hole (k = 0) is unstable. This is a consequence of frame dragging (behind the ergosphere no static observer exists), which disappears asymptotically in the Kerr black hole, but persists in the Kerr-AdS. On the outer horizon ∆ r (r + ) = 0, any fixed-θ observer has a determined angular velocity:
and thus a tangent vector proportional to
which is light-like. One should stress here that the angular velocity Ω H is not the one measured at infinity by a static observer -contrary to what happens for the asymptotically flat plain Kerr geometry. In fact, Ω H is the angular velocity observed by an asymptotic observer in a natural frame of the coordinate system at hand. This observer is not static, but has an angular velocity 10) which obviously vanishes when the cosmological constant is switched off (k → 0). The angular velocity of the black hole for a static observer at infinity is thus [38] 
When moving to the Euclidean (t = −iτ, a = iα), for analyzing e.g. the thermodynamical properties of the background, the outer horizon appears as a bolt i.e. as a two-dimensional fixed locus of the Killing vector (3.9) -in its Euclidean version. On this bolt 10 , the northern and southern poles appear as extra zero-dimensional fixed points (nuts) of another Killing vector, ∂ φ . This has led several authors to interpret the Kerr black hole as a nut-anti-nut bound state connected by a Misner string [40, 41] .
Anticipating the analysis of the forthcoming sections, we obtain for the Kerr metric (3.1)
This boundary metric can be recast in several ways:
The last expression is obtained by trading θ for θ ′ as
where ∆ θ ′ = 1 − k 2 a 2 cos 2 θ ′ . It describes the boundary of Kerr-AdS as conformal to the three-dimensional Einstein universe, rotating at angular velocity Ω ∞ [35] . A last feature we wish to mention in relation with the boundary geometry of Kerr-AdS is the behavior around the poles, at θ ≈ 0 or π:
for the northern pole, and
for the southern pole. Metric (3.16) is the Som-Raychaudhuri space, found in [42] and solving Einstein equations with rotating, charged dust with zero Lorentz force. It belongs to the general family of three-dimensional homogeneous spaces possessing 4 isometries studied in [43, 44] , which include in particular Gödel space as well as the boundary of the AdS-Taub-NUT space that we will present in the next section. In the case of Som-Raychaudhuri (Eq. (3.16)) the isometries are generated by the following Killing vectors:
(3.17) 10 The general classification of fixed points was originally presented in [39] .
The vectors K x , K y and K 0 form a Heisenberg algebra, and indeed the Som-Raychaudhuri metric can be built as the group manifold of the Heiseberg group (Bianchi II) at an extended-symmetry (isotropy) point with an extra symmetry generator 11 ∂ φ .
Similarly to Gödel space, Som-Raychaudhuri space contains non-geodesic closed timelike curves. These are circles of radius χ larger than 1 /Ω∞ [45] . Notice, however, that the boundary of Kerr-AdS is free of closed time-like curves since it is identified with SomRaychaudhuri in a region where χ ≪ 1 /Ω∞. As we will see soon, this no longer holds for the boundary of AdS-Taub-NUT.
Taub-NUT-AdS 4
The Taub-NUT-AdS 4 geometry is a foliation over squashed three-spheres solving Einstein's equations:
where 
The original Taub-NUT solution [46, 47] was a vacuum solution designed for cosmology (see also [48] for a more detailed analysis). Since then, many variants have been studied, both with Lorentzian and Euclidean signature (reached by setting ν = in and τ = it), with or without cosmological constant or mass. In the Euclidean version and in the absence of mass, one finds the original Eguchi-Hanson and Taub-NUT gravitational instantons for vanishing cosmological constant and the Fubini-Study solution with cosmological constant (see [49] [50] [51] ). The former are self-dual and the latter quaternionic (Weyl-self-dual). Adding a mass opens up new possibilities according to the kind of horizons that appear, and the corresponding solutions can be either (Weyl-)self-dual or not, such as Taub-bolt, Pedersen, etc. Self-duality or quaternionic self-duality must be abandoned in the Lorentzian framework. We will not pursue further this general description (interesting related information can be found in e.g. [52, 53] ). We will focus instead on the properties of the specific Lorentzian metric (3.21) .
In the following, we provide the prominent properties of the geometry (3.21). Many of these properties are a consequence of its isometry group SU (2) × U (1), generated by the Killing vectors
Two extra vectors e 1 and e 2 generate with e 3 the right SU (2). These are not Killing, however, due to the squashing of the spherical leaves.
The solution at hand has generically two horizons (V (r ± ) = 0) and is well-defined outside the outer horizon r + , where V (r) > 0. In the Euclidean language, this horizon is a bolt 12 i.e. the two-dimensional fixed locus of the Killing vector e 3 . On this surface, θ = π is an isolated fixed point of another Killing vector ξ 3 + e 3 . This is a nut, carrying a net nut charge n.
The nut is the origin of a Misner string [54] , departing from r = r + , all the way to r → ∞, on this southern pole at θ = π. The geometry is nowhere singular along the Misner string, which appears as a coordinate artifact much like the Dirac string of a magnetic monopole is a gauge artifact. In order for this string to be invisible, coordinate transformations displacing the string must be univalued everywhere, which is achieved by requiring the periodicity condition ψ ≡ ψ + 4π or equivalently t ≡ t − 8πn. Alternatively, one can avoid periodic time and keep the Misner string as part of the geometry. This semi-infinite spike appears then as a source of angular momentum, integrating to zero [55, 56] , and movable at wish using the transformations generated by the above vectors. This will be our viewpoint throughout this work. However, despite the non-compact time, the AdS-Taub-NUT geometry is plagued with closed time-like curves, which disappear only in the vacuum limit k → 0 [57] . Even though this is usually an unwanted situation, it is not sufficient for rejecting the geometry, which from the holographic perspective has many interesting and novel features, as we will see later.
Finally, we would like to mention the behavior of the AdS-Taub-NUT geometry at large r:
This is a squashed three-sphere appearing as a limiting leave of the foliation (3.18). The squashing is Lorentzian as in the bulk, and consequently the closed time-like curves survive on the boundary. This space is homogeneous and belongs to the already quoted family of spaces invariant under a four-parameter group of motions [43, 44] , here generated by the vectors (3.22) . Zooming around the northern pole exhibits the Som-Raychaudhuri metric (3.16), as in the AdS-Kerr, with Ω ∞ traded for −nk 2 and χ = θ /k. This corresponds to a contraction of SU (2) × U (1) into a semi-direct product of the Heisenberg group with an extra U (1) generated by K x = −kξ 1 , K y = kξ 2 , K 0 = k 2 e 3 , ξ 3 = e 3 + ∂ φ (see (3.17) ). On the southern pole, which is the track of the Misner string on the boundary, the behavior is somewhat different: ds
where χ = π−θ k . The latter is known as a flat vortex geometry, homogeneous and invariant under an E(2) × U (1) algebra 13 (Bianchi VII 0 ) generated by 
The Kerr and Taub-NUT fluids
This section is the core of our findings based on two exact Einstein spaces: Kerr-AdS and Taub-NUT-AdS. For both we extract the specific holographic data, which fit the general framework developed in Sec. 2. We discuss in detail the kinematics of the fluid in both PR and Zermelo frames as well as the appearance of the CTCs in TNAdS.
The Papapetrou-Randers frame
As explained in Sec. 2, the FG expansion provides, via the leading and subleading terms, the boundary coframe and the boundary energy-momentum current. For the backgrounds at hand, namely KAdS (3.1) and TNAdS (3.21), we easily extract the boundary coframes leading to the boundary geometries (3.12) and (3.23). These are of the general form (2.25) with
for KAdS, while for TNAdS we have instead
Indeed, the PR orthonormal coframes (2.30), as they emerge from the FG expansion, are respectivelyê
The dual boundary frames are of the form
These vectors can be easily worked out for KAdS and TNAdS, where they are diagonal, using the above formulas. Similarly, in both cases, the boundary energy-momentum current is of the form (2.22) and describes a conformal fluid with constant pressure (2.23) and velocity field (2.24): u = ∂ t andû = −dt+b. The fluid is therefore at rest in the PR frame, and the corresponding observers are thus comoving. Furthermore, ∂ t is a Killing vector with constant norm (−1). Hence, its integral lines are geodesics:ǎ
The fluid and the comoving observers are inertial. For this geodesic congruence, the shear and expansion systematically vanish, and everything goes as announced in Sec. 2. The observers accompanying the PR frame, whose tangent bundle is spanned by the vectors ∂ i , can define the fluid's physical surface as the set of points which are synchronous events for their time t, since dt(∂ i ) = 0. The tangent planes of this surface are spanned by ∂ i or by any linear combination of them (orthonormal or not). The parallel transport of the physical surface alongě 0 is the physical manifestation of the fluid's flow in the comoving frame. We in fact find that the physical surface is not parallel transported along ∂ t , namely 14 ∇
are the spacetime components of the vorticity form introduced in (2.18), which reduces here to 1 2 db due to the absence of acceleration, and ω PR αβ = E i α E j β ω ij its components in the PR frame. Hence, the inertial observers perceive the fluid's flow as the rotation upon parallel transport of the geodesic congruence tangent to ∂ t .
For the geometries of the PR form the only non-zero components of the vorticity are along the spatial coframeê α . We find for KAdS
which describes cyclonic flow (e.g. the motion of the atmosphere of a rotating planet) as seen from the comoving frame.
In the TNAdS case we must be more careful. Noting that the globally defined one-form isê 2 rather than dφ, we see that the coefficient b 2 in (4.2) diverges at θ = π. This induces a δ-function singularity in the vorticity
9)
14 Without being exhaustive, we give some of the Christoffel symbols, valid for all PR metrics it the coordinate frame, which can be used to demonstrate some of the quoted properties:
where the last term denotes a singular two-form with support only at θ = π. The normal part of (4.9) describes a vortex flow with constant vorticity. The δ-function singularity is the boundary remnant of the Misner string [54] , which extends, in the chosen coordinates radially along the θ = π axis, intersecting the boundary at a (neutral) "Misner vortex". Since we are not interested in compactifying the Lorentzian time coordinate, this string is physical, [55, 56] and will have important consequences holographically. The δ-function singularity noted above shows up either as a singular contribution to the torsion of a smooth connection, or equivalently, as a singular contribution to the Levi-Civita connection. Before proceeding with the study of an alternative frame, we would like to comment on the magnetic paradigm mentioned in Sec. (2.3) for generic PR geometries (2.25). According to that analysis, the geodesic motion on the boundary spacetime is analogous to the Newtonian motion of charged particles on the two-dimensional space with metric (2.27) subject to the magnetic field (2.28). On the one hand, for KAdS the space (given in (4.1)) is a squashed two-sphere, whereas the magnetic field (4.8) is that of a magnetic dipole. On the other hand, in the case of TNAdS, the space is a two-sphere (4.2) and the magnetic field (4.8) is generated by a Dirac monopole. In this magnetic picture, the Misner string is traded for a Dirac string, which on the two-dimensional boundary is reduced to a single point: the southern pole.
The Zermelo frame
The space spanned by the vectors ∂ i is tangent to the synchronous surface of the inertial observers. These vectors can be traded for a set of orthonormal vectorsž α (see below, Eq. (4.10)), whose space does not coincide with that spanned by the vectorsě α orthogonal tǒ e 0 = ∂ t . It is then natural to ask what the normalized timelike vectorž 0 , orthogonal tož α , is. Such a choice corresponds tož a andě a being related by a local Lorentz transformation, as already discussed in Sec. 2, Eq. (2.34). The congruences ofž 0 would be the worldlines of a different set of, generally non-inertial, observers. For this set of observers the space spanned byě α obeys dt(ě α ) − b(ě α ) = 0. Since the Fröbenius criterion is not fulfilled
, it is not possible to define a universal time whose synchronous hypersurfaces, tangent toě α , would be the fluid physical surfaces simultaneously for all these observers. We find for the frame and the dual coframe:
In the new orthonormal frame, the boundary metric assumes the form (2.33) with 13) which is the Zermelo form of the metric (2.25). For this reason, we will be referring to the frame {ž a } as the Zermelo frame. For KAdS we find 14) whereas for TNAdS
Again, vectorsž α can be easily worked out for KAdS and TNAdS. As quoted in (2.36), the fluid's velocity reads:
W α being the components of the ordinary spatial velocity of the PR frame with respect to the Zermelo frame. They satisfy
In other words, at each spacetime point where an inertial observer meets a non-inertial one, W α are the components of their relative velocity and γ their relative Lorentz factor. For KAdS we find
The coordinate components are constant and hence the stationary metric (3.13) on the boundary can be made conformal to the static metric (3.14) by a linear diffeomorphism, as was noticed in [37] . This feature is not present for TNAdS, in which case we have
Using Eqs. (2.30), (4.5), (4.12) and (4.13), one can provide a complete and explicit form of the Lorentz transformation (2.34) relating the PR and Zermelo frames, whose temporal component is given in (4.16) . One findŝ 20) where Γ
Using the above relations it is straightforward to check that
The Zermelo frame (4.10) is non-inertial: there is an acceleration ∇ž 0ž 0 = 0. In this frame, the fluid is non-static and its velocity changes, 23) according to the vorticity as it is observed in the Zermelo frame:
The fluid's velocity vectorǔ undergoes a precession around the worldline of a Zermelo observer. The latter being an accelerated observer, the variation ofǔ is actually better captured as a Fermi derivative alongž 0 :
The extra terms result from the acceleration of the Zermelo frame and contribute to the observed precession of the velocity vectorǔ. Contrary to the vorticity ω Z 0α , which is generally non-zero in the PR backgrounds, the combination ω Z 0α −ž α (γ) vanishes under the necessary and sufficient condition .24) vanishes. In that case the effective precession of the fluid worldline with respect to the Zerrmelo observer disappears as a consequence of the cancellation of the genuine vorticity and of the effect produced by the acceleration. Equation (4.25) carries an intrinsic information on the background: when fulfilled, the Zermelo observers coincide with the locally non-rotating (or ZAMO) frames [25] . Remarkably, this occurs for KAdS but not for TNAdS.
Closed timelike curves and optical horizons
The emergence of closed timelike curves was mentioned at the end of Sec. 3.1, in the framework of the Som-Raychaudhuri metric (3.16). As CTCs appear also in the TNAdS geometry, they deserve a comprehensive discussion.
Geometries of the general PR form may not be globally hyperbolic. In the Randers frame, where the metric assumes the form (2.25), this happens whenever regions exist where b 2 = b i b j a ij > 1. Indeed, in these regions, the spatial metric a ij − b i b j possesses a negative eigenvalue, and constant-t surfaces are no longer spacelike. Therefore the extension of the physical domain accessible to the inertial observers moving alongǔ = ∂ t is limited to spacelike disks in which b 2 < 1 holds. Within these regions, the classical fluid dynamics is consistent.
The lack of hyperbolicity is similarly revealed as the breakdown of the Randers versus Zermelo relationship. Following (4.12) and (4.13), we observe that b 2 is the norm of the fluid spatial velocity with respect to the Zermelo frame. On the edge of the spacelike physical surface 15 , where b 2 = 1, λ vanishes i.e. the Lorentz factor relating the comoving (Randers) and the Zermelo frames diverges: the fluid and all its comoving observers reach the speed of light with respect to the latter frame.
The two cases under consideration in the present work are fundamentally different from the above viewpoint. On the one hand, in KAdS geometry b 2 = a 2 sin 2 θ L 2 −a 2 cos 2 θ , which is bounded by 1 as long as a < L. On the other hand, for TNAdS b 2 = 1 when θ reaches θ * = 2 arctan L /2n. Hyperbolicity holds in the disk 0 < θ < θ * , whereas it breaks down in the complementary disk (π > θ > θ * ) centered at the Misner string.
The breaking of hyperbolicity is usually accompanied with the appearance of CTCs. These are ordinary spacelike circles, lying in constant-t surfaces, which become timelike when these surfaces cease being spacelike, i.e. when b 2 > 1. These CTCs differ in nature from those due to compact time (as in the SL(2, R) group manifold), and cannot be removed by unwrapping time. They require an excision procedure for consistently removing the b 2 > 1 domain, in order to keep a causally safe spacetime, similar to what happens in the case of the three-dimensional Bañados-Teitelboim-Zanelli black hole -although in the latter case the trouble is not due to hyperbolicity issues.
Several further comments are in order for the above presentation to be complete when considering the case of TNAdS. There, the circles tangent to ∂ φ become CTCs for π > θ > θ * . As explained in detail in Sec. 3.2, the TNAdS boundary geometry (3.23) is a squashed three-sphere, homogeneous and axisymmetric 16 . Homogeneity implies that CTCs are present everywhere, passing through any arbitrary point of spacetime. In the disk π > θ > θ * , these are circles at constant t centered around the Misner string; for 0 < θ < θ * , the CTCs are sections of cylinders normal to the constant-t surfaces. The time coordinate t evolves periodically along these elliptically shaped CTCs.
The situation described here for the boundary of TNAdS, is generic for all threedimensional homogeneous spacetimes. The case of Som-Raychaudhuri (Bianchi II) mentioned earlier and the celebrated Gödel space (Bianchi VIII) are illustrative examples of how homogeneity combined with rotation necessarily leads to the breakdown of hyperbolicity and the emergence of CTCs. Gödel space in particular was the first to be recognized as plagued by CTCs. The CTCs present in these spaces, however, are not geodesics [44, 60] . Their presence is therefore harmless for classical causality. This is why Gödel-like solutions like the TNAdS boundary have never been truly discarded, leaving open the possibility of quantum mechanical validity 17 .
Even though the boundary spacetime of TNAdS is homogeneous, the constant-t surfaces are not. Inertial observers, comoving with the fluid have therefore a different perception depending on whether they are at 0 < θ < θ * or in the disk π > θ > θ * , surrounding the Misner string. This gives a physical existence to the b 2 = 1 edge 18 , the meaning of which is better expressed in the Zermelo frame. In the latter, the fluid becomes superluminal and the Misner string is interpreted as the core of the vortex with homogeneous vorticity.
The various troublesome features which appear in Gödel-like spaces as the one at hand for the TNAdS boundary, are intimately related with non-trivial rotational properties combined with homogeneous character. In other words, for the TNAdS boundary, they are 16 As t is non-compact, these statements should be considered with care, because of the presence of the Misner string, which removes a point from the boundary geometry. Bearing this point, everything is consistent.
17 Attempts, among others in string theory within holography, were proposed a few years ago (see e.g. [58] [59] [60] [61] [62] [63] and references therein).
18 Homogeneity implies, however, that another time, say t ′ -and thus another frame {∂ t ′ , ∂ φ ′ , ∂ θ ′ } -can be chosen such that constant-t ′ surfaces are spacelike on another disk partly covering π > θ > θ * . This amounts to simultaneously moving the Misner string, while allowing inertial observers passing through π > θ > θ * to define their spacelike physical surface at constant t ′ .
due to the existence of a monopole-like Misner vortex 19 . Although no satisfactory physical meaning has ever been given to Gödel-like spaces, the causal consistency of the latter being still questionable, they seem from our holographic perspective to admit a sensible interpretation in terms on conformal fluids evolving in homogeneous vortices. The above discussion holds in the perspective of interpreting the holographic data as a genuine stationary fluid. There is however an alternative viewpoint already advertised, consisting in the analogue gravity interpretation of the boundary gravitational background. From the latter, the physical data are still (h ij , W i ) i.e. a two-dimensional geometry and a velocity field. However, their combination into (2.33) is not a physical spacetime. The would-be light cone, in particular, is narrowed down to the sound or light velocities in the medium under consideration -necessarily smaller than the velocity of light in vacuum. Consequently, the breaking of hyperbolicity or the appearance of CTCs are not issues of concern, and the regions where γ becomes imaginary keep having a satisfactory physical interpretation as portions of space, where the medium is supersonic/superluminal with respect to the sound/light velocity in the medium and not in the vacuum. Finally, the virtual spacetime (2.33) governs the mode propagation through the fluid. This way of thinking opens up a new chapter that requires adjusting suitably the standard holographic dictionary. The latter provides indirect information on the physical system that must be retrieved. This is under investigation.
Inertial frames and rotational Hall viscosity
We have devoted considerable effort in discussing the role of the observer's frame in our approach to holographic hydrodynamics. Here we will show that this understanding leads to the determination of rotational Hall viscosity for neutral rotating fluids in three dimensions. This non-dissipative transport coefficient is known to occur in a variety of physical systems with broken T-invariance. For example, in elastic media it occurs in topologically nontrivial states in the presence of a magnetic field or a fermionic gap [6, 68] , and in finitetemperature hydrodynamics, it arises in the presence of magnetic fields [69] . Here it arises in neutral fluids, with the T-breaking supplied by the vorticity of the fluid. The Hall viscosity is the "gravitational" analogue of the Hall conductivity, in that it may be extracted from correlators of the stress-energy tensor. We show below that in this context there is a classical contribution to the Hall viscosity, analogous to the classical Hall conductivity that follows from Lorentz invariance in a medium with non-zero charge density in a uniform magnetic field. As far as we have been able to understand, this concept is not included in the recents works of parity-broken hydrodynamics in three dimensions [8, 9] .
As we have reviewed above, relativistic fluids are built using two generally independent ingredients, a coframe {ê a } describing the underlying geometry and a velocity fieldǔ, which at least locally and under suitable circumstances, defines a spacelike foliation. Holographic hydrodynamics also of course uses these two ingredients to construct the boundary fluids.
We parameterize the foliation locally viaǔ, along with the dual 1-formû, which is normalized asû(ǔ) = −1. Then, the stress current one-form of a three-dimensional relativistic system 20 is given byĴ
with ε, p the energy density and pressure. The first and second terms are respectively longitudinal and transverse, and correspond both to the perfect fluid. Terms involvinĝ q are mixed becauseq(ǔ) = 0, whereas the last term is purely transverse:t a (ǔ) = 0. The terms withq andt a are viscous:q is the heat current andt a is a transverse stress current. One can always chose a frame (i.e. define the velocity field of the fluid) in such a way that the heat current vanishes. This frame is called the Landau frame and in that case the transverse stress currentt a encodes all dissipative and non-dissipative transport coefficients, given as a derivative expansion of the velocity fieldǔ. At lowest order in this expansion and in the Landau frame,Ĵ
with f a and f a visc. respectively given in (2.11) and (2.20) . Before treating the neutral fluids and the corresponding Hall viscosity, let us first review the simpler case of the classical Hall conductivity of a charged fluid in a homogenous magnetic field. We consider a system having a charge current one-form given bŷ
where ρ is the charge density andĵ is the transverse dissipative part,ĵ(ǔ) = 0. The system is in a homogenous magnetic field which we define with respect to a spatial frame transverse toû, F = and consider the transverse current induced,
The Hall conductivity, σ H can be extracted by noting that there is a small local Lorentz transformation to a frame in which the electric field vanishes. For example, if we take E α = (E 1 , 0), then one can check that the relevant boost is in the 2-direction, with velocity v = E 1/B. From the point of view of the original frame, the boosted frame moves with velocity v, and the charge density then gives rise to a current
By comparison to (5.5), we derive σ H = ρ /B. 20 We use a different symbol for the stress current in this section so as to not confuse it with the corresponding holographic quantity defined in (2.8).
The same result arises from an argument that appeals to the Lorentz force. The idea here is that if an electric field is turned on we can still get equilibrium (zero net force) if there is a non dissipative current induced, but the dissipative part of the current vanishes. To do so, we have to use extra dynamical information regarding the force on a current in an electromagnetic field. The latter written as a one-form equation is
where F is the electromagnetic field strength and where we define the acceleration as abovê a = ∇ǔû. So we find the components of the force
The vanishing of the force implies that σ H = ρ /B. This effect can also be thought of in terms of a current-current correlator -the conductivity being computed in linear response by finding the current induced by turning on a small electric field:
One way to think of this induced current is that if we insist on writingĴ = ρû, it is as if we have modifiedǔ to have a piece along the foliation. Our result for neutral fluids follows a direct generalization of the above logic. Consider a non-accelerating neutral fluid with uniform vorticity
where Ω is constant. The analogue of turning on an electric field would be to modify the frame (or equivalently deform the metric). This will clearly lead by linear response to the stress-stress correlator. Define 11) where {q µ } = {ω, q 1 , q 2 } is the 3-momentum. Let us focus in particular on the correlator
In linear response, this means that
or as a form 21 , δĴ a δê = ζ H * dδê a ≡ ζ H δÊ a , where * Ê a is the analogue of the electric field in the magnetic problem discussed above. Here we will focus onĴ 0 , and thus turn on a small E 0 . Thus, for example, if we turn on E 0 x , we expect to see a contribution to J 0 y . Consider 21 In elastic solids, δĴ a = ζH * δT a , with T a the torsion 2-form [6] . For simplicity, here we do not modify the spin connection. a small variation in the frame of the formê 0 = −û + δê 0 , with δê 0 = δe 0 x (t)dx. We then obtain
We note that a small linear diffeomorphism with velocity
will bring us back to the rest frame, in which * Ê 0 = Ωdx ∧ dy. In the original frame of reference, we then see a stress current δJ 0 y = (ε + p)v y (obtained by insertingû =ê 0 +v into the perfect fluid stress current). We conclude that
We can also understand this effect as a force balancing, and we explore a variety of alternative derivations of our result in Appendix A. The holographic derivation of our result (5.16) would require to use the TNAdS geometry discussed in the previous sections, since the corresponding boundary geometry exhibits precisely a uniform vorticity. The determination of the Hall viscosity is then expected to arise from the calculation of the T T correlator in a manner similar to the emergence of the classical Hall conductivity using a dyonic AdS 4 black hole [67] .
In the KAdS case the vorticity is non-uniform and actually vanishes at the equator. One might think that the result in this case would be also (5.16) with Ω being the θ-dependent local vorticity. This would require however a more involved computation to be set (e.g. see [66] ).
It is remarkable that our formula (5.16) is similar to the classical Hall viscosity coefficient of magnetized plasmas [65] 17) where N is the density of particles with charge q and mass m that constitute the plasma. The relationship of (5.17) with the Hall viscosity of quantum systems was explained in [27] . The quantum version of our result (5.16) is not yet known. However, it is natural to expect that it will emerge 22 following the systematic analogy between rotating bosons and quantum Hall systems [70] . We will not consider this interesting problem further in this work.
Summary and outlook
In this work we have initiated the holographic description of rotating fluids having in mind possible applications to rotating bose gases and also analogue gravity systems. Following a 3+1-split holographic formalism we were able to clarify the important issue of the frame from which the boundary fluid is observed. We find that the Fefferman-Graham expansion corresponds to the fluid's description from a comoving inertial Papapetrou-Randers frame. However, the physical picture of the boundary fluid as a moving medium becomes manifest in the non-inertial Zermelo frame, which can be reached by a suitable Lorentz transformation.
In the Zermelo picture, the metric has the form of the acoustic/optical geometries that arise in studies of light and sound propagation in moving media. This picture provides therefore an alternative interpretation of our set up: either the background metric is the physical spacetime metric experienced by the fluid; or the analogue metric associated with the propagation of fluctuations in some other medium. In the latter case, it is possible to identify regions in the fluid that move with superluminal/supersonic velocities.
We apply our general results to the cases of the Kerr-AdS 4 and Taub-NUT-AdS 4 geometries and show that they describe fluids in cyclonic and vortex motions respectively. In the TNAdS case the homogeneity of the vorticity leads to velocity-of-light surfaces which we interpret as boundaries for superluminal rotation of the fluid, with respect to a specific observer. This is physically acceptable in the analogue picture, since in that case the velocity of light in the boundary is smaller than the vacuum velocity of light.
Finally, we use our understanding of the observer's frame in hydrodynamics to calculate the classical Hall viscosity for three-dimensional rotating fluids. We were not able to find this result in recent works on parity non invariant hydrodynamics although it might be there.
Our work opens up various avenues for exploration. The first and obvious think to do is to study fluctuations around our geometries and in particular around TNAdS in order to calculate holographically the transport properties of our boundary fluids. This project is in its final stages and the results will be presented soon [71] . It would be also interesting to study the relationship of our approach to other approaches of holographic hydrodynamics such as [8, 9] and references therein. In this line, we could ask the reverse question namely whether one can use our approach to study holographic fluids with preordered vorticity. As we have seen, the Kerr and TN fluids are cyclones and vortices, but one could ask how could more complicated flows could be described holographically. This can be formulated as the question of studying the generalization of Weyl's multipole solutions to asymptotically AdS 4 spaces. We hope to report on this issues in the forthcoming work [72] . Finally, our spinoff result for the rotational Hall viscosity and its quantum counterpart deserve further study and comparison with theoretical and experimental work on rotating Bose gases. 
A Classical rotational Hall viscosity in metric language
In Sec. 5, we presented the determination of the Hall viscosity using form language in arbitrary frame. For the reader's convenience, we supplement here the computation in metric language. We will first present the paradigm of the Hall conductivity for a charged fluid and then proceed with the analysis of classical Hall viscosity in a neutral fluid of the type we have been analyzing in the main part of the paper.
In order derive the classical Hall conductivity in metric language consider a charged fluid in stationary motion, whose current density reads:
where ρ is the constant charge density. Suppose that the fluid couples to an external source with field strength F µν = ∂ µ A ν − ∂ ν A µ , such that its equilibrium is unaffected. The necessary condition for that is to require the exerted Lorentz force on the current be zero
Suppose now that the external source is perturbed as In the comoving frame {u µ } = {1, 0, 0} and last condition is recast as where δJ ν = ρδu ν is the non-dissipating, spatial current-density deformation response seen by the no longer comoving observer. Considering a constant magnetic field of the form F i j = ǫ i j B as the initial background and electric perturbations of the kind .6) (in the gauge A 0 = 0), one produces a spatial response:
The proportionality coefficient between the external electric perturbation and the induced current is the Hall conductivity. This can also be obtained from the usual Kubo formula
En passant, the above short calculation shows that when B = 0, non-dissipative spatial current cannot emerge as compensator for possible fluctuations of the external electric field. The singularity appearing in that case is therefore spurious. The above reasoning can be applied to the neutral fluid, which is the main purpose of our paper. In this case, the role of the background and external source is played by the metric, whereas the velocity field encodes the response. Indeed, relativistic fluids are described using the background metric g µν and the velocity field (normalized as u µ u µ = −1). From these two quantities one constructs the longitudinal and normal projectors introduced in (2.10) and decompose the energy-momentum tensor as described in Secs. In the present context, will not consider situations with non-vanishing heat current. The hydrodynamic equations follow from ∇ µ T µν = 0. In thermal equilibrium, the energy density and pressure are related to the entropy density s and local temperature as ε + p = sT (the fluid is neutral and its chemical potential vanishes). As mentioned earlier, for a conformal fluid the energy-momentum tensor has vanishing trace, which implies the equation of state 2p = ε and zero bulk viscosity.
When turning on a gravitational field as a background of a stationary flow -starting assumption here as in the previously studied charged fluid -the zero force condition (A.4) translates into Γ Imposing that upon a metric disturbance acting as a source, the zero-force condition remains unaltered, leads to the following relationship with the induced perturbation on the velocity field -the response: or, using the actual expressions for the connection coefficients in terms of the vorticity components ω ij , δΓ µ tt = 2g µj ω jk δu k , (A.15)
We have so far expressed the perturbation induced on the velocity field, δu k , as resulting from a perturbation on the connection, δΓ µ tt . One can express the latter results directly in terms of the metric perturbation, δg µν , using the definition of the Levi-Civita coefficients. With the gauge choice 23 In order to reach our goal, we would like to ultimately express the perturbation of the metric and the of velocity field in terms of the induced perturbation on the energymomentum tensor. The latter is of the perfect-fluid type because we assumed the fluid to be originally in a free stationary motion, with uniform energy density and pressure, and the disturbances to preserve this property. Hence, One thus recovers (5.16). 23 The gauge choice gtt = −1 together withǔ = ∂t implies that u t = 1, u i = 0, ut = −1 and ui = git, generally non-vanishing. Since it is assumed to also hold after the perturbation (δgtt = 0), it also implies that δu i git=0. The gauge fixing can be supplemented with δu t = 0, which further leads to δut = 0, δuj = δgjt + g jk δu k whereas δu k is left free i.e. to be determined dynamically. 24 Notice that, δΓ 
